Abstract. Zassenhaus has proved that if U is a subnormal subalgebra of a finite-dimensional Lie algebra L and V is a finite-dimensional irreducible Lmodule, then all U -module composition factors of V are isomorphic. Schenkman has proved that if U is a subnormal subalgebra of a finite-dimensional Lie algebra L, then the nilpotent residual of U is an ideal of L. These useful results generalise to Leibniz algebras.
Introduction
Zassenhaus has proved [5, Lemma 1] that if U is a subnormal subalgebra of a finite-dimensional Lie algebra L and V is a finite-dimensional irreducible L-module, then all U -module composition factors of V are isomorphic. Zassenhaus's proof does not extends to Leibniz algebras. However, the result for Leibniz algebras is easily deduced from the Lie algebra result. Schenkman [4, Theorem 3] has proved that, for a subnormal subalgebra U of a Lie algebra L, the nilpotent residual U N = U ω = r U r of U is an ideal of L. I show that this holds for Leibniz algebras. Schenkman's proof shows for a subnormal subalgebra U of a Leibniz algebra L, that U N is a right ideal of L, but a new argument is required to show that it is also a left ideal.
In the following, L is a finite-dimensional (left) Leibniz algebra over an arbitrary field, that is, an algebra whose left multiplication operators λ a : L → L given by λ a (x) = ax for a, x ∈ L, are derivations. Thus a(xy) = (ax)y + x(ay). The basic properties of Leibniz algebras and their bimodules may be found in Ayupov and Omirov [1] , Patsourakos [3] or Barnes [2] .
The
The proofs
Proof. Without loss of generality, we may suppose C L (V ) = 0. Form the split extension X of V by L and let K = Z l (X). Since V is a minimal ideal of X, either K ≥ V or K ∩ V = 0. As K is an abelian ideal, in either case, we have K ≤ C X (V ). For all x ∈ L, x 2 ∈ K, so x 2 = 0. Thus L is a Lie algebra. As X/V ≃ L is a Lie 
X is a Lie algebra, so vx = −xv for all x ∈ L and v ∈ V . Theorem 2.2. Let L be a finite-dimensional Leibniz algebra and let U ⊳⊳ L. Let V be a finite-dimensional irreducible L-bimodule. Then all U -bimodule composition factors of V are isomorphic.
Proof. We can work with L/C L (V ), so we may suppose that C L (V ) = 0. By Lemma 2.1, L is a Lie algebra and either V L = 0 or vx = −xv for all x ∈ L and v ∈ V . In either case, any left U -submodule is a U -sub-bimodule. All left U -module composition factors of V are isomorphic by Zassenhaus [5, Lemma 1] and the result follows.
I write λ U for the operator on the set of subspaces of L given by λ U V = U V , the space of products uv of u ∈ U and v ∈ V .
We use induction over k. The result holds trivially for k = 1. We have
U is a chain of subalgebras with each U i ¡ U i−1 and that U N = U s . We use induction over r to prove that U N is a left ideal. This holds trivially for r = 0. Suppose r > 0. We use induction over t to show that LU N ⊆ λ t U L + U N . This holds trivially for t = 0. We have
